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ON THE STABILITY OF A STRATIFIED SHEAR LAYER

I. INTRODUCTION

The Kelvin-Helmholtz instability is a widely studied inmstability

driven by velocity shear in neutral fluids as well as in ionized gases

In addition to various examples in neutral fluids, the situation of a shear

layer under the action of gravity is also encountered in space (e.g.,

equatorial spread F, the plasmapause) and laboratory (e.g., laser fusion

experiments) plasma phenomena. Recent observations show that large

velocity shears exist at the equatorward edge of the diffuse auroral

boundary7 . Furthermore, the plasmapause boundary is conjectured to be

unstable to a ballooning type shear flow instability8 . In the case of the

equatorial ionosphere, the plasma is confined by a uniform magnetic field

and the flow velocity perpendicular to the magnetic fie- dis sheared as a

function of the altitude. Gravity is directed opposite to the density

gradient so that the system is prone to gravity driven interchange as well

as to the shear driven Kelvin-Helmholtz instability. Based on this

geometry and physics, linear stability analysis has been performed on a

collisional plasma in the equatorial F region of the ionosphere, and a

general mode structure equation has been derived '5 which reduces to the

general Rayleigh equation dealt with in detail by Drazin2.

In the neutral fluid literature (for example, Drazin2 ) and by Vinas

and Madden8, the Boussinesq approximation is generally assuwed In per-

forming the analysis of the general Rayleign equation; this assumption

Manuscript approved June U. 1986



amounts to ignoring all the density gradient terms except the den.slty

gradient term that contributes to the bouyancy. Ir th.s paper, we relax

the Boussinesq approximation and show that the new stability boundary is

different than that obtained by Drazin 2 : the stability boundary is

dependent on the density gradient, leading to more stringent restrictions

on the Richardson number, and the stability boundary is determined for

modes with phase velocity half that of the peak background flow velocity.

The following analysis is based on a smooth velocity profile and an

exponential density gradient.

iI. THEORY

The geometry of the plasma and field configuration used in the

analysis is as follows: the magnetic field is uniform and in the z

direction (B - B z), the plasma is inhomogeneous along the x direction, n -

nO(x), gravity is acting along the negative x direction g - - g x, and the

flow velocity along the y direction is sheared in the x direction, V =

* .'. - VO(x) y.
'4 We consider low frequency fluctuations (w << w where w eis the

electron .cyclotron frequency) so that electron inertia is ignored. Two

dimensional perturbations are considered. The perturbed quantities vary

as 0 - O(x) exp [- i(k y - wt)], where w - wr + IY. The equation that

describes the perturbed electrostatic potential is given as4

2
px + X) q(X)( - 0, (1)

ax2

where pX) and q(X' are given by

" "I= •. @ tnn 0

p(X) 3X 0 ' (2)

* 2
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q(X) -k 2 + L2U an no ;U (gLv /V) an n (3)Q a 2 ax ax ax (3)

where V - V U(X), c - w1kyV y, - c - U(x), X - x/Lv, and k = k Lv. Here

Lv and Ln are the gradient scale lengths of the velocity and density,

respectively. Equation (1) is a general equation that describes Rayleigh-

Taylor and Kelvin-Helmholtz instabilities for arbitrary density .rofIes ana

drift velocities. This equation is identical to that obtained for counter-

streaming neutral fluids in a gravitational field 2.

In this paper we consider an exponential profile for the density such

that no(x) - no exp (5X) where a - L vL and represent the drift velocity bytha nOx) nO  xp(SX wereB V n

a smooth profile U(X) - tanh (X). We let B be arbitrary and thus generalize

the problem analyzed by Drazin2. This is the main objective of this paper.

The coefficients p(X) and q(X) can be rewritten as

p(X) - 5 (4)

q(X - - *2 +2seh 2 X C-2tanh X +B) J• c (c - -u) (5)
k ~(c - U) H-u 2

where J - (g/Ln)/(V2/L2). Using the Boussinesq approximation Drazin 2 setn y v

p - 0 and ignored B in the second term in q; this leads to the condition

c - 0. We relax these assumptions in the following analysiF.

Using the transformation 1 - ) exp If dX p(X)/2] we write ") as

S2
- - Q(X) - 0 (6)3X 2

where ,(X) - q - p'/2 - p2 /4. EquationF (4 and ,5) togetner wi.,t 6,5 yield

2_ ' 32 + 2 ,seth2 X '-2tani X - _) J * .
L (c U)

3



With U as the independent variable, (7) can be written as

2~ a2 t r .k + s/4f 2c - 8 +' 0.1 U - c 2. ) + 2 +2 1

(8)

Equation (8) is a second order differential equation with four singular

pointn at U -c, c, , and - 1 The new terms in this equation are

- (s2 / i(I - U2 ) and (2c- Sj/(U - c); the former, obtained by retaining

the first derivative term in (1), introauces a lower cut-off in the

wavenumber, and the latter, obtained by retaining the cross term involvi-g

the density nhomogeneity and velocity inhomogeneity, allows c to take the

value S/2.

We assume a solution to (8) of the form

= (U + 1) (U - 1) (U - c)

where the exponents w+ and A are determined by

24- Lk 2/4 - J '1/2 (10)

c c

c2)(11)

Note that for c - 0 and B 0 the exponents (10) and (11) reduce to those

g.ven by Drazin 2  These exponents have to satisfv the condition

+ + + X + 1) - 2 - 0, (12)

a! can be seen by matcr.irg the coefficients of the constant terms. From

* 12) we note that ;i + X - . - 1 or - 2. The latter condition yields a

convergent solution with the constraint 2c - 5 -0 or c - S1/2.

-'4



Using the definitions for . and X from (I) and (1!, in the condition

+ + A

we obtain

From (14) the maximum value of J is given as J_, - S2/4)2/4) w2Lc
A 1/

occurs at k = m 'a/2>i - ./ / So the new stability condition is J
max

2 2,> (1 - /4) , .

From (14) we see that for 8 - 1 the critical Richarason number is 9/614,

which means that for J > 9/64 the flow is stable; the cut off wavenumber

k - /"3/2. In comparison, for a Boussinesq fluid the critical J is 1/4 and

the cutoff k is I. Finally, the stability boundary is not neutral as was

the case with a Boussinesq fluid, but the waves have a phase velocity that

is half that of the peak background flow velocity, i.e., c - 1/2 as opposed

to c = 0 for a Boussinesq fluid. Finally, for a fluid in a gravity free

field (J - 0) the Kelvin-Helmholtz unstable domain is given by 0 < k

< (1 - 2)1 /2  These conclusions can be clearly seen in Fig. 1, where we

plot J versus k. The figure shows the stability boundary for various values

of B. It is worth noting that for B > 2, that is if the density gradient

scale length is half the velocity gradient scale length or less, the Kelvin-

Helmholtz instaoilitv is stable and the system is unstable to the grav'ty

criven interchange, -4.e., only when J < 0.

We apply the results to the plasmapause boundary based on the

observations zf velocity shears observed by Kelley and compare our results

with those of Vinas and Madden. The velocity shear Vo/Lv i- estimated to

be 0.17 Hz; when mapped to the plasmapause region this vields a local

Ricnardson number of 0.18 :see Ref. 8]. Vinas and Madden show

.... ,a. o.. numb r ;



that 8 - 1.5, which when substituted i r:to (5) y ield s the Critical

Richardson number J < 0.047 for instability. Thus, our calculations suggest

that such strong shears may not drive shear flow instartility if steep

density gradients exist at the same time.

1 2

-AA

-. k

7,.'ure 7 he s abi it bonday Jverss kfor3 -0.0,0.5 1 0, -5
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I:I. SUKtARY

n suMary', we have shown that the mode ecuation for a stratif-ec shear

ayer under the action of gravity can be solved for stability boundary

without the need to impose the Boussinesq approximatio.n. For L , - = I P

the critical Richardso. number is 9/6S as opposed to I /4 and the unstable

wavenumber domain is smaller with a cut off for J = 0 at k = /3/2

rather than at k = 1. In addition, the waves do not have a zero phase

velocity bt a phase velocity that is half the peak background flow

velocity. These ohanges are due to the density gradient terms that were

ignored using the Boussfnesq approximation. :n addition, we have shown that

:asmapause o oundar may not De unstable to shear flow Dallooning

irtability if strong density gradients exist in conjunction with sorong

shears at the diffuse auroral boundary at ionospheric heights.
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5 OLD CONCORD ROAD Santa Monivca, CA 90401
BURLINGTON, MA 01803 01CY ATTN C.B. GABBARD

01CY ATTN RADIO SCIENCES D1CY ATTN R. LELEVIER

AUSTIN RESEARCH ASSOC., INC. ESL, INC.
1901 RUTLAND DRIVE 495 JAVA DRIVE
AUSTIN, TX 78758 SUNNYVALE, CA 940O86

01:Y ATTN L. SLOAN OICY ATTN J. ROBERTS
OICY ATTN R. THOMPSON OICY ATTN JAMES MARSHALL

BERKELEY RESEARCH ASSOCIATES, INC. GENERAL ELECTI COMPANY
P.O. BOX 983 SPACE -"-VISION
BERKELEY, CA 94701 VALLEY FORCE SPACE CENTER

OICY ATTN J. WORKMAN 3ODDARD BLVD KIN3 OF PRUSSIA
CY ATTN C. PRETTIE P.O. BOX 8555

OICY ATTN S. BRECHT PHILADELPHIA, PA 1910!
0CY ATTN M.H. BORTNER

BOEING COMPANY, THE SPACE SCI LAB
P.O. BOX 3707
SEATTLE, WA 98124 GENERAL ELECTRIC TECH SERVICES

OICY ATTN G. KEISTER CO., INC.
O1CY ATTN D. MURRAY HMES
01CY ATTN 0. HALL COURT STREET
O1lCY ATTN J. KENNEY SYRACUSE, NY 13201

01OY ATTN C. MILLMAN
CHARLES STARK DRAPER LABORATORY, INC.
555 TECHNOLOGY SQUARE GEOPHYSIC'AL INST:7UTE
CAMBRIDGE, MA 02139 UNIVERSITY OF ALASKA
0CY ATTN 0.3. COX FAIRBANKS, AK 99701
01CY ATTN j.P. GILMORE (ALL CLASS ATTN: SECU',R:TY OFF:OER 'COY ATTN T.N. DAVIS 'NCL ASS IINLY)

01CY ATTN NEAL BROWN 'UNCLAS ONLY)
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GTE SYLVANIA, INC. KAMAN TEMPO-CENTER FOR ADVANCED
ELECTRONICS SYSTEMS GRP-EASTERN DIV STUDIES
77 A STREET 816 STATE STREET (P.O DRAWER QQ)
NEEDHAM, MA 02194 SANTA BARBARA, CA 93102
OCY ATTN DICK STEINHOF OCY ATTN DASIAC

01CY ATTN WARREN S. KNAPP
HSS, IN:. 0ICY ATTN WILLIAM MCNAMARA
2 ALFRED CIRCLE OCY ATTN B. GAMBILL
BEDFCRD, MA 0'730

0ICY ATTN DONALD HANSEN LINKABIT CORP
1053 ROSELLE

ILL:NO:S, UNIVERSITY oF SAN DIEGO, CA 92121
C0' COBLE HALL 01Cy ATTN IRWIN JACOBS

15 DAVENPORT MOUSE
CHAMPAIGN, IL 61820 LOCKHEED MISSILES & SPACE CO., INC

(ALL CORRES ATTN DAN MCCLELLAND) P.O. BOX 504
OCY ATTN K. YEH SUNNYVALE, CA 94088

OICY ATTN DEPT 60-12
INSTITUTE FOR DEFENSE ANALYSES 01CY ATTN D.R. CHURCHILL
'80 NO. BEAUREGARD STREET
ALEXANDRIA, VA 22311 LOCKHEED MISSILES & SPACE CO., INC.
OCY ATTN J.M. AEIN 3251 HANOVER STREET
311Y ATTN ERNEST BAUER PALO ALTO, CA 94304
OCY ATTN HANS WOLFARD 01CY ATTN MARTIN WALT DEPT 52-12
OICY ATTN JOEL BENGSTON OCY ATTN W.L. IMHOF DEPT 52-12

OICY ATTN RICHARD G. JOHNSON
INTL TEL & TELEGRAPH CORPORATION DEPT 52-12
500 WASH:NGTON AVENUE 01CY ATTN J.B. CLADIS DEPT 52-12
NUTLEY, NJ 07110

01CY ATTN TECHNICAL LIBRARY MARTIN MARIETTA CORP
ORLANDO DIVISION

JAYCOR P.O. BOX 5837
11011 TORREYANA ROAD ORLANDO. FL 32805
P.C. BOX 85154 01CY ATTN R. HEFFNER
SAN DIEGO, CA 92138

01CY ATTN J.L. SPERLING MCDONNEL DOUGLAS CORPORATION

5301 BOLSA AVENUE
JOHNS HOPKINS UNIVERSITY HUNTINGTON BEACH, CA 92647
APPLIED PHYSICS LABORATORY 01CY ATTN N. HARRIS
JOHNS HOPKINS ROAD OCY ATTN J. MOULE
LAUREL, MD 20810 OCY ATTN GEORGE MROZ
01Y ATTN DOCUMENT LIBRARIAN 01CY ATTN W. OLSON
01CY ATTN THOMAS POTEMRA 01CY ATTN R.W. HALPRIN
OICY ATTN JOHN DASSOULAS O1CY ATTN TECHNICAL

LIBRARY SERVICES
KAMAN SCIENCES CORP
P.O. BOX 7463
COLORADO SPRINGS, CO 80933

OICY ATTN T. MEAGHER
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MISSION RESEARCH CORPORATION PHYSICAL DYNAMICS. INC.
735 STATE STREET P.O. BOX 3027
SANTA BARBARA, CA 93101 BELLEVUE, WA 98009
OCY ATTN P. FISCHER OlCY ATTN E.J. FREMOUW
OICY ATTN W.F. CREVIER
OCY ATTN STEVEN L. GUTSCHE PHYSICAL DYNAMICS, INC.
O':Y ATTN R. BOGUSCH P.O. BOX 10367
C-CY ATTN R. HENDRICK OAKLAND, CA 94610
C':Y ATTN RALPH KILS ATTN A. THOMSON
OICY ATTN DAVE SOWLE

C' Y ATTN F. FAJEN R & D ASSOCIATES
0': ATTN M. SCHEIBE P.O. BOX 9695
C":Y ATTN CONRAD L. LONMIRE MARINA DEL REY, CA 9C291
01CY ATTN B. WHITE 01CY ATTN FORREST GILMORE
01-Y ATTN R. STAGAT 01CY ATTN WILLIAM B. WRIGHT, JR.

OCY ATTN WILLIAM J. KARZAS
MISSION RESEARCH CORP. O1CY ATTN H. ORY
1720 RANDOLPH ROAD, S.E. OCY ATTN C. MACDONALD
ALBUQUERQUE, NM 87106

OlCY R. STELLINGWERF RAYTHEON CO.
01:Y M. ALME 528 BOSTON POST ROAD
OICY L. WRIGHT SUDBURY, MA 01776

OCY ATTN BARBARA ADAMS
MITRE CORP
WESTOATE RESEARCH PARK RIVERSIDE RESEARCH INSTITUTE
182C DOLLY MADISON BLVD 330 WEST 42nd STREET
MCLEAN, VA 2210I NEW YORK, NY 10036

OICY ATTN W. HALL OCY ATTN VINCI TRAPANI
)ICY ATTN W. FOSTER

SCIENCE APPLICATIONS
PACIFIC-SIE RRA RESEARCH CORP INTERNATIONAL INCORPORATED
12340 SANTA MONICA BLVD. 1150 PROSPECT PLAZA
LCS ANCELES, CA 90025 LA JOLLA, CA 92037

OICY ATTN E.C. FIELD, JR. 01CY ATTN LEWIS M. LINSON
OlCY ATTN DANIEL A. HAMLIN

PENNSYLVANIA STATE UNIVERSITY OCY ATTN E. FRIEMAN
IONOSPHERE RESEARCH LAB 01CY ATTN E.A. STRAKER
318 ELECTRICAL ENGINEERING EAST 01CY ATTN CURTIS A. SMITH
UNIVERSITY PARK, PA 16802

4NC CLASS TO THIS ADDRESS) SCIENCE APPLICATIONS
31CY ATTN IONOSPHERIC RESEARCH LAB INTERNATIONAL CORPORATION

1710 GOODRIDGE DR.
PHOTOMETRTCS, INC. MCLEAN, VA 22102
4 ARROW DR:VE OICY J. COCKAYNE
WOBURN, MA 01301 O'CY E. HYMAN

0":Y ATTN IRV:NG L. KCFSKY
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SRI INTERNATIONAL
333 RAVENSWOOD AVENUE
MENLO PARK, CA 94025

OICY ATTN J. CASPER
01CY ATTN DONALD NEILSON
C'CY ATTN ALAN BURNS
OICY ATTN G. SMITH
01CY ATTN R. TSUNODA
O'ZY ATTN DAVID A. JOHNSON
0ICY ATTN WALTER C. CHESNUT
O'CY ATTN CHARLES L. RINO
01:Y ATTN WALTER JAYE
OCY ATTN j. VICKREY
OCY ATTN RAY L. LEADABRAND
OCY ATTN G. CARPENTER
01CY ATTN G. PRICE
01CY ATTN R. LIVINGSTON
OCY ATTN V. GONZALES
01CY ATTN D. MCDANIEL

TECHNOLOGY INTERNATIONAL CORP
75 WIGGINS AVENUE
BEDFORD, MA 01730

OICY ATTN W.P. BOQUIST

TRW DEFENSE & SPACE SYS GROUP
ONE SPACE PARK
REDONDO BEACH, CA 90278
OCY ATTN R. K PLEBUCH
OlCY ATTN S. ALTSCHULER
OCY ATTN D. DEE
01CY ATTN D/ STOCKWELL

SNTF/1575

V:SIDYNE

SOUTH BEDFORD STREET
BURLINGTON, MA 01503

01CY ATTN W. REIDY
0ICY ATTN J. CARPENTER
O'CY ATTN C. HUMPHREY

UNIVERSITY OF PITTSBURGH
PITTSBURGH, PA 15213

OlCY ATTN: N. ZABUSKY
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